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Abstract
We determine all irreducible representations of primary quasi-cyclotomic
fields in this paper. The methods can be applied to determine the irre-
ducible representations of any quasi-cyclotomic field. We also compute
the Artin L-functions for a class of quasi-cyclotomic fields.
1 Introduction
A quadratic extension of a cyclotomic field, which is non-abelian Galois over
the rational number field Q, is called a quasi-cyclotomic field. All quasi-
cyclotomic fields are described explicitly in [8] followed the works in [1] and
[3]. They are generated by a canonical Z/2Z-basis. The minimal quasi-
cyclotomic field containing the quadratic roots of one element of the ba-
sis is called a primary quasi-cyclotomic field. L.Yin and C.Zhang [7] have
studied the arithmetic of any quasi-cyclotomic field. In this paper we deter-
mine all irreducible representations of primary quasi-cyclotomic fields. The
methods apply to determine the irreducible representations of an arbitrary
quasi-cyclotomic field. We also compute the Artin L-functions for a class of
quasi-cyclotomic fields.
First we recall the constructions of primary quasi-cyclotomic fields. Let
S be the set consisting of −1 and all prime numbers. For p ∈ S, we put
p¯ = 4, 8, p and set p∗ = −1, 2, (−1) p−12 p if p = −1, 2 and an odd prime
number, respectively. Let K = Q(ζp¯q) be the cyclotomic field of conductor
p¯q. For a class [a] ∈ Q/Z, we set sin[a] = 2 sin aπ for 0 < a < 1 and
1
sin[0] = 1. For prime numbers p < q, we define
vpq =
p−1
2∏
i=0
q−1
2∏
j=0
sin[ iq+j
pq
]
sin[ jp+i
pq
]
(p > 2)
and
v2q =
sin[1
4
]
sin[ 1
4q
]
q−1
2∏
j=0
sin[ j
2q
] · sin[2j−1
4q
]
sin[4j+i
4q
] · sin[ j
q
] · sin[2j−1
2q
]
.
For p < q ∈ S, we put
upq :=

√
q∗ if p = −1
vpq if p = 2 or p ≡ q ≡ 1mod4√
p · vpq if p ≡ 1, q ≡ 3mod4√
q · vpq if p ≡ 3, q ≡ 1mod4√
pq · vpq if p ≡ q ≡ 3mod4.
Let K˜ = K(
√
upq). Then K˜ is the minimal one in all quasi-cyclotomic
fields which contain
√
upq. We call these fields K˜ primary quasi-cyclotomic
fields. Let G = Gal(K/Q) and G˜ = Gal(K˜/Q). We always denote by ǫ
the unique non-trivial element of Gal(K˜/K). If (p, q) = (−1, 2), then the
group G is generated by two elements σ−1 and σ2, where σ−1(ζ8) = ζ−18 and
σ2(ζ8) = ζ
5
8 . If p > 2, then G is generated by two elements σp and σq,
where σp(ζp) = ζ
a
p , σp(ζq) = ζq and σq(ζp) = ζp, σq(ζq) = ζ
b
q , with a, b being
generators of (Z/pZ)∗ and (Z/qZ)∗ respectively. If p = 2, then G is generated
by three elements σ−1, σ2 and σq, where σ−1, σ2 act on ζ8 as above and on ζq
trivially, and σq acts on ζq as above and on ζ8 trivially.
Next we describe the group G˜ by generators and relations. An element
σ ∈ G has two liftings in G˜. By [Sect.3, 7] the action of the two liftings on√
upq has the form ±α√upq or ±α√upq/
√−1 with α > 0. We fix the lifting
σ˜ of σ to be the one with the positive sign. Then the other lifting of σ is
σ˜ǫ. The group G˜ is generated by ǫ, σ˜p and σ˜q (and σ˜−1 if p = 2). Clearly
ǫ commutes with the other generators. In addition, we have σ˜pσ˜q = σ˜qσ˜pǫ
(and σ˜−1 commutes with σ˜2 and σ˜q if p = 2). For an element g of a group,
we denote by |g| the order of g in the group. Let log−1 : {±1} → Z/2Z be
the unique isomorphism. For an odd prime number p and an integer a with
p ∤ a, let (a
p
) be the quadratic residue symbol. We also define (a
2
) = ( a−1) = 1
for any a. Then we have, see [7, Th.3],
|σ˜p| = (1 + log−1(
q∗
p
))|σp| and |σ˜q| = (1 + log−1(
p∗
q
))|σq|,
with the exception that σ˜2 = 2|σ2| when (p, q) = (−1, 2). If p = 2, we
have furthermore |σ˜−1| = |σ−1|. Thus we have determined the group G˜ by
generators and relations.
2
2 Abelian subgroup of index 2
In this section we construct a subgroup of G˜ of index 2 and determine the
structure of the subgroup. We consider the following three cases separately:
Case A: |σ˜p| = |σp| and |σ˜q| = |σq|;
Case B: |σ˜p| = 2|σp|, |σ˜q| = |σq| or |σ˜p| = |σp|, |σ˜q| = 2|σq|;
Case C: |σ˜p| = 2|σp| and |σ˜q| = 2|σq|.
All the three cases may happen. In fact, the case (A) happens if and only
if (p
∗
q
) = ( q
∗
p
) = 1; the case (B) happens if and only if (p
∗
q
) 6= ( q∗
p
) or
(p, q) = (−1, 2); and the case (C) happens if and only if (p∗
q
) = ( q
∗
p
) = −1.
In the case A, we define the subgroup N of G˜ to be
N =
{
< σ˜−1, σ˜2, σ˜2q , ε > if p = 2
< σ˜p, σ˜
2
q , ε > if p 6= 2
(A2.1)
It is easy to see that the subgroup N is abelian of index 2 and is a direct
sum of the cyclic groups generated by the elements. Thus we have
N ∼=

Z/2Z⊕ Z/((q − 1)/2)Z⊕ Z/2Z if p = −1
Z/2Z⊕ Z/2Z⊕ Z/((q − 1)/2)Z⊕ Z/2Z if p = 2
Z/(p− 1)Z⊕ Z/((q − 1)/2)Z⊕ Z/2Z if p > 2.
(A2.2)
In the case B, we define the the subgroup N of G˜ to be
N =

< σ˜−1, σ˜2, σ˜2q > if p = 2
< σ˜p, σ˜
2
q > if p 6= 2 and |σ˜q| = 2|σq|
< σ˜2p , σ˜q > if |σ˜p| = 2|σp|.
(B2.1)
Again N is abelian and has index 2 in G˜. In addition, we have
N ∼=

Z/2Z⊕ Z/2Z if (p, q) = (−1, 2)
Z/2Z⊕ Z/(q − 1)Z if p = −1, q > 2
Z/2Z⊕ Z/2Z⊕ Z/(q − 1)Z if p = 2
Z/(p− 1)Z⊕ Z/(q − 1)Z if p > 2.
(B2.2)
In the case C, we must have p, q are odd prime numbers. Let v2(p − 1)
denote the power of 2 in p− 1. We define the subgroup N of G˜ to be
N =
{
< σ˜2p , σ˜q > if v2(p− 1) ≤ v2(q − 1)
< σ˜p , σ˜
2
q > if v2(p− 1) > v2(q − 1).
(C2.1)
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Then N is an abelian subgroup of G˜. When v2(p− 1) ≤ v2(q − 1), we have
|N | = |σ˜
2
p| · |σ˜q|
| < σ˜2p > ∩ < σ˜q > |
=
(p− 1) · 2(q − 1)
2
.
So [G˜ : N ] = 2 and N is a normal subgroup of G˜. We have the same
result when v2(p − 1) > v2(q − 1). The subgroup < σ˜2p , σ˜q > is always
an abelian subgroup of G˜ of index 2. But we can not get all irreducible
representations from the inducement of the representations of this subgroup
when v2(p− 1) > v2(q − 1). So we define N in two cases.
Next we determine the structure of the subgroup N in the case C. We
consider the case v2(p − 1) ≤ v2(q − 1) in detail. Let d = gcd(p−12 , q − 1),
s = (p − 1)/2d and t = (q − 1)/d. Choose u, v ∈ Z such that us + vt = 1.
We have the relations
(σ˜2p)
p−1 = 1, (σ˜2p)
p−1
2 = ε = σ˜q−1q .
Let M be the free abelian group generated by two words α , β. Let
α1 = (p− 1)α ; β1 = p− 1
2
α− (q − 1)β ;
and let M1 be the subgroup ofM generated by α1 , β1. Then M1 is the kernel
of the homomorphism
M −→ N ; α 7→ σ˜2p, β 7→ σ˜q .
So we have N ∼= M/M1. Define the matrix
A :=
(
p− 1 p−1
2
0 1− q
)
.
Then (α1 , β1) = (α , β) ·A. We determine the structure of M1 by considering
the standard form of A. Define
P :=
(
u v
−t s
)
∈ SL2(Z) ; Q :=
(
1 2tv − 1
−1 −2tv + 2
)
∈ SL2(Z).
Then
B := PAQ =
(
d 0
0 −2s(q − 1)
)
is the standard form of A. Let
(τ , µ) = (α , β)P−1 and (τ1 , µ1) = (α1 , β1)Q.
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Then (τ1 , µ1) = (τ , µ)B, M = Zτ ⊕ Zµ and M1 = Zdτ ⊕ Z2s(q − 1)µ. We
thus have
N ∼= M/M1 ∼= Z/dZ⊕ Z/2s(q − 1)Z .
By abuse of notation, we also write
(τ , µ) = (σ˜2p , σ˜q)P
−1 = (σ˜2sp σ˜
t
q , σ˜
−2v
p σ˜
u
q ) .
Then τ , µ are of order d , 2s(q−1) respectively, andN is a direct sum of < τ >
and < µ >. We have σ˜2p = τ
uµ−t and σ˜q = τ vµs. When v2(p−1) > v2(q−1),
we get the structure of N in the same way. So in the case (C) we have
N ∼=
{
Z/dZ⊕ Z/2s(q − 1)Z if v2(p− 1) ≤ v2(q − 1)
Z/d′Z⊕ Z/2s′(p− 1)Z if v2(p− 1) > v2(q − 1),
(C2.2)
where d = gcd(p−1
2
, q − 1), s = (p − 1)/2d and d′ = gcd(p − 1, q−1
2
), s′ =
(q − 1)/2d′.
Now we summarize our results in the following
Proposition 2.1. The abelian subgroup N of the group G˜ of index 2 defined
in (A2.1), (B2.1) and (C2.1) has the structure described in (A2.2), (B2.2)
and (C2.2) in the cases (A), (B) and (C), respectively. In particular, every
irreducible representation of G˜ has dimension 1 or 2.
3 2-dimensional representations
We determine all irreducible representations of G˜ in this section. We will use
some basic facts from representation theory freely. For the details, see [6].
It is well-known that the 1-dimensional representations of G˜ correspond
bijectively to those of the maximal abelian quotient G of G˜, which are Dirich-
let characters. So we mainly construct the 2-dimensional irreducible repre-
sentations of G˜. From the dimension formula of all irreducible representa-
tions, we see that G˜ has |G|/4 irreducible representations of dimension 2, up
to isomorphism. Let N be the subgroup of G˜ defined in last section. Let
G˜ = N ∪σN be a decomposition of cosets. If ρ : N → C∗ is a representation
of N , the induced representation ρ˜ of ρ is a representation of G˜ of dimension
2. The space of the representation ρ˜ is V = Ind
eG
N (C) = C[G˜] ⊗C[N ] C with
basis e1 = 1⊗ 1 and e2 = σ ⊗ 1. The group homomorphism
ρ˜ : G˜ −→ GL(V ) ≃ GL2(C)
is given under the basis by
ρ˜(σ˜) =
(
ρ(σ˜) ρ(σ˜σ)
ρ(σ−1σ˜) ρ(σ−1σ˜σ)
)
, ∀ σ˜ ∈ G˜, (3.1)
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where ρ(σ˜) = 0 if σ˜ /∈ N . The representation ρ˜ is irreducible if and only if
ρ 6∼= ρτ for every τ ∈ G˜ \ N , where ρτ is the conjugate representation of ρ
defined by
ρτ (x) = ρ(τ−1xτ) , ∀ x ∈ N .
Since N is abelian, we only need to check ρ 6∼= ρσ.
Now we begin to construct all 2-dimensional irreducible representations
of G˜. As in last section, we consider the three cases separately. In addition,
we consider the case when p and q are odd prime numbers in details, and
only state the results in the cases when p = −1 or 2.
3.1. Case A. Assume p > 2. We have in this case N = 〈σ˜p , σ˜2q , ε〉 and
N ∼= Z/(p− 1)Z⊕ Z/((q − 1)/2)Z⊕ Z/2Z .
Every irreducible representation of N can be written as ρijk : N −→ C∗ with
ρijk(σ˜p) = ζ
i
p−1 ; ρijk(σ˜
2
q ) = ζ
2j
q−1 ; ρijk(ε) = (−1)k .
where 0 ≤ i < p − 1, 0 ≤ j < q−1
2
and k = 0, 1. Since G˜ = N ∪ σ˜qN and
ρ
eσq
ijk(σ˜p) = ρijk(ε)ρijk(σ˜p) = (−1)kρijk(σ˜p), we have
ρ
eσq
ijk 6∼= ρijk ⇐⇒ k = 1.
Write ρij = ρij1. The induced representation ρ˜ij : G˜ −→ GL2(C) of ρij is
given by
ρ˜ij(σ˜p) =
(
ζ ip−1 0
0 −ζ ip−1
)
, ρ˜ij(σ˜q) =
(
0 ζ2jq−1
1 0
)
, ρ˜ij(ε) = −I, (A3.1)
where I is the identity matrix of degree 2. Since
ρ˜ij(σ˜
2
p) =
(
ζ2ip−1 0
0 ζ2ip−1
)
and ρ˜ij(σ˜
2
q ) =
(
ζ2jq−1 0
0 ζ2jq−1
)
,
we see that the representations ρ˜ij with 0 ≤ i < p−12 , 0 ≤ j < q−12 are irre-
ducible and are not isomorphic to each other, by considering the values of the
characters of these representations at σ˜2p and σ˜
2
q . The number of these rep-
resentations is p−1
2
· q−1
2
= |G|
4
. So they are all the irreducible representations
of G˜ of dimension 2.
Similarly, when p = −1, all irreducible representations of G˜ of dimension
2 are ρ˜j with 0 ≤ j < q−12 , where
ρ˜j(σ˜−1) =
(
1 0
0 −1
)
, ρ˜j(σ˜q) =
(
0 ζ2jq−1
1 0
)
, ρ˜(ε) = −I (A3.2)
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and when p = 2, all irreducible representations of G˜ of dimension 2 are ρ¯ij
with 0 ≤ i ≤ 1 and 0 ≤ j < q−1
2
, where ρ¯ij(ε) = −I and
ρ¯ij(σ˜−1) = (−1)iI, ρ¯ij(σ˜2) =
(
1 0
0 −1
)
, ρ¯ij(σ˜q) =
(
0 ζ2jq−1
1 0
)
. (A3.3)
3.2 Case B. Assume p > 2 and |σ˜q| = 2|σq|. Then N = 〈σ˜p , σ˜2q 〉, and
N ∼= Z/(p− 1)Z⊕ Z/(q − 1)Z.
Any irreducible representation of N has the form ρij : N −→ C∗, where
ρij(σ˜p) = ζ
i
p−1 , ρij(σ˜
2
q ) = ζ
j
q−1 , ρij(ε) = ρij(σ˜
2
q )
q−1
2 = (−1)j ,
and 0 ≤ i < p− 1, 0 ≤ j < q − 1. It is easy to check that
ρ
eσq
ij 6∼= ρij ⇐⇒ j ≡ 1 (mod 2) .
The induced representation ρ˜ij : G˜ −→ GL2(C) of ρij with odd j is given by
ρ˜ij(σ˜p) =
(
ζ ip−1 0
0 −ζ ip−1
)
, ρ˜ij(σ˜q) =
(
0 ζjq−1
1 0
)
. (B3.1)
Since
ρ˜ij(σ˜
2
p) =
(
ζ2ip−1 0
0 ζ2ip−1
)
and ρ˜ij(σ˜
2
q ) =
(
ζjq−1 0
0 ζjq−1
)
,
we see that the representations ρ˜ij with 0 ≤ i < p−12 and 0 ≤ j < q− 1, 2 ∤ j
are irreducible and are not isomorphic to each other. The number of these
representations is |G|
4
. So they are all the irreducible representations of G˜ of
dimension 2.
Similarly, when (p, q) = (−1, 2), there is only one irreducible representa-
tion ρ˜0 of dimension 2 defined by
ρ˜0(σ˜−1) =
(
1 0
0 −1
)
, and ρ˜0(σ˜2) =
(
0 −1
1 0
)
. (B3.2)
When p = −1 and q > 2, all irreducible representations of dimension 2
are ρ˜j with 0 ≤ j < q − 1, 2 ∤ j, where ρ˜j is defined by
ρ˜j(σ˜−1) =
(
1 0
0 −1
)
and ρ˜j(σ˜q) =
(
0 ζjq−1
1 0
)
. (B3.3)
When p = 2, all irreducible representations of dimension 2 are ρ¯ij with
0 ≤ i ≤ 1 and 0 ≤ j < q − 1, 2 ∤ j, where ρ¯ij is defined by
ρ¯ij(σ˜−1) = (−1)iI, ρ¯ij(σ˜2) =
(
1 0
0 −1
)
, ρ¯ij(σ˜q) =
(
0 ζjq−1
1 0
)
. (B3.4)
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When |σ˜p| = 2|σp|, all irreducible representations of dimension 2 are ρˆij
with 0 ≤ i < p− 1, 2 ∤ i and 0 ≤ j < q−1
2
, where ρˆij is defined by
ρˆij(σ˜p) =
(
0 ζ ip−1
1 0
)
, ρˆij(σ˜q) =
(
ζjq−1 0
0 −ζjq−1
)
. (B3.5)
3.3. Case C. Assume v2(p− 1) ≤ v2(q − 1). Let
d = gcd(
p− 1
2
, q − 1) , s = p− 1
2d
, t =
q − 1
d
; us+ vt = 1
as before. We must have that t is even and u is odd. Let τ = σ˜2sp · σ˜tq and
µ = σ˜−2vp · σ˜uq . Then N = 〈σ˜2p , σ˜q〉 = 〈τ , µ〉 and
N ∼= Z/dZ⊕ Z/2s(q − 1)Z.
Any irreducible representation ρij : N −→ C∗ is of the form
ρij(τ) = ζ
i
d = ζ
2s(q−1)i
(p−1)(q−1) and ρij(µ) = ζ
j
2s(q−1) = ζ
dj
(p−1)(q−1).
From σ˜2p = τ
uµ−t and σ˜q = τ vµs, we have
ρij(σ˜
2
p) = ζ
2sui−j
p−1 ; ρij(σ˜q) = ζ
2tvi+j
2(q−1) ; ρij(ε) = ρij(σ˜
2
p)
p−1
2 = (−1)j .
It is easy to show
ρ
eσp
ij 6∼= ρij ⇐⇒ j ≡ 1 (mod 2) .
The induced representation ρ˜ij : G˜ −→ GL2(C) of ρij with odd j is given by
ρ˜ij(τ) =
(
ζ id 0
0 ζ id
)
; ρ˜ij(µ) =
(
ζj2s(q−1) 0
0 −ζj2s(q−1)
)
.
Here in the first equality we used the fact that t is even, and in the second
equality we used the fact that u is odd. Furthermore we have
ρ˜ij(σ˜p) =
(
0 ζ2sui−jp−1
1 0
)
; ρ˜ij(σ˜q) =
(
ζ2tvi+j2(q−1) 0
0 −ζ2tvi+j2(q−1)
)
. (C3.1)
By considering the values of the character of ρ˜ij at τ and µ
2, we see that all the
representations ρ˜ij with 0 ≤ i < d and 0 ≤ j < s(q− 1), 2 ∤ j are irreducible
and are not isomorphic to each other. The number of these representations
is d · s(q−1)
2
= |G|
4
. So they are all the irreducible representations of G˜ of
dimension 2.
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Similarly, if v2(p− 1) > v2(q − 1), we let
d′ = gcd(p− 1 , q − 1
2
) , s′ =
p− 1
d
, t′ =
q − 1
2d
; u′s′ + v′t′ = 1.
Then all the irreducible representations of G˜ of dimension 2 are ρˆij with
0 ≤ i < d′ and 0 ≤ j < t′(p− 1), 2 ∤ j, where ρˆij is defined by
ρˆij(σ˜p) =
(
ζ2s
′u′i+j
2(p−1) 0
0 −ζ2s′u′i+j2(p−1)
)
; ρˆij(σ˜q) =
(
0 ζ2t
′v′i−j
q−1
1 0
)
. (C3.2)
Let R2(G˜) be the set of all irreducible representations, up to isomorphism,
of G˜ of dimension 2. As a summary, we have proved the following.
Theorem 3.1. All 2-dimensional irreducible representations of G˜ are in-
duced from the representations of N . In detail, we have
In the case (A)
R2(G˜) =

{ρ˜j | 0 ≤ j < q−12 } if p = −1
{ρ¯ij | i = 0, 1, 0 ≤ j < q−12 } if p = 2
{ρ˜ij | 0 ≤ i < p−12 , 0 ≤ j < q−12 } if p > 2,
where ρ˜j, ρ¯ij and ρ˜ij are defined in (A3.2), (A3.3) and (A3.1) respectively.
In the case (B)
R2(G˜) =

{ρ˜0} if (p, q) = (−1, 2)
{ρ˜j | 0 ≤ j < q − 1, 2 ∤ j} if p = −1, q > 2
{ρ¯ij | i = 0, 1, 0 ≤ j < q − 1, 2 ∤ j} if p = 2
{ρˆij | 0 ≤ i < p− 1, 2 ∤ i, 0 ≤ j < q−12 } if |σ˜p| = 2|σp|
{ρ˜ij | 0 ≤ i < p−12 , 0 ≤ j < q − 1, 2 ∤ j} otherwise,
where ρ˜0, ρ˜j, ρ¯ij , ρˆij and ρ˜ij are defined in (B3.2), (B3.3), (B3.4), (B3.5)
and (B3.1) respectively.
In the case (C)
R2(G˜) =
{
{ρ˜ij | 0 ≤ i < d, 0 ≤ j < s(q − 1), 2 ∤ j} if v2(p− 1) ≤ v2(q − 1),
{ρˆij | 0 ≤ i < d′, 0 ≤ j < t′(p− 1), 2 ∤ j} otherwise,
where ρ˜ij and ρˆij are defined in (C3.1) and (C3.2) respectively.
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4 The Frobenious maps
This section is a preparation for the next section to compute the Artin L-
functions of the quasi-cyclotomic fields K˜ when p = −1. For a prime number
ℓ which is unramified in K˜/K, let Iℓ (resp. I˜ℓ) be the inertia group of ℓ in
the extension K/Q (resp. K˜/Q). Let Frℓ be the Frobenious automorphism
of ℓ in G/Iℓ and F˜rℓ the Frobenious automorphism of ℓ in G˜/I˜ℓ associated to
some prime ideal over ℓ. In this section we determine F˜rℓ by Frℓ for ℓ = 2.
From now on, we always assume that p = −1, namely, K = Q(ζ4q) and
K˜ = K( 4
√
q∗). For a prime number ℓ, we say that ℓ is ramified (resp. inertia,
splitting) in the relative quadratic extension K˜/K if the prime ideals of K
over ℓ are ramified (resp. inertia, splitting) in K˜. In [Sect.5, 7] we have
determined the decomposition nature of odd prime numbers in K˜/K. Now
we determine the decomposition nature of 2 in K˜/K.
Proposition 4.1. If q = 2, then 2 is ramified in K˜/K. If q is odd, then 2 is
unramified in K˜/K if and only if (2
q
) = 1, and in this case 2 splits in K˜/K
if q∗ ≡ 1mod16 and is inertia in K˜/K if q∗ ≡ 1mod8 but q∗ 6≡ 1mod16.
Proof. We first consider the case q = 2. The unique prime ideal of K over 2
is the principal ideal generated by π := 1− ζ8. Since the ramification degree
of 2 in K/Q is 4 and
√
2 = π(π + 2ζ8)ζ8, we have that 2 is ramified in K˜/K
if and only if x2 ≡ √2modπ10 is not solvable in the ring OK of the integers
of K by [2], which is equivalent to that (1 + 2
π
ζ8)ζ8modπ
8 is not a square.
Since 2 = uπ4 for some unit u, we have
(1 +
2
π
ζ8)ζ8 ≡ ζ8 ≡ (1− π)modπ3,
namely (1 + 2
π
ζ8)ζ8modπ
3 is not a square. So 2 is ramified in K˜/K.
Now we assume that q is odd. Let π2 = 1 − ζ4. Then 2 is unramified in
K˜/K if and only if x2 ≡ √q∗modπ42 is solvable in OK . Furthermore, 2 splits
in K˜/K if and only if x2 ≡ √q∗modπ52 is solvable in OK . By Gauss sum we
have
√
q∗ =
q−1∑
a=1
(
a
q
)ζaq = 1 + 2
∑
(a
q
)=1
ζaq .
Let α =
∑
(a
q
)=1 ζ
a
q , β =
∑
(a
q
)=1 ζ
a
2q, and γ =
∑
(a
q
)=1
∑
( b
q
)=1, a<b ζ
a+b
2q ,
where in the summations a, b run over 1, 2, · · · , q − 1. Then α = β2 − 2γ,
from which and the equality 2 = π22 − π32, we have√
q∗ = 1 + 2β2 − 4γ = 1 + π22β2 − π32β2 − 4γ
≡ (1 + π2β)2 − π32(β + β2) + π42(β − γ)
≡ (1 + π2β)2 − π32(α + β) + π42(β + γ)modπ52 .
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Since ζ2q = −ζ−
q−1
2
q = −ζ tq, where t is the inverse of 2 in (Z/qZ)∗, we see
β =
∑
(a
q
)=1(−1)aζ taq ≡
∑
(a
q
)=1 ζ
ta
q mod2. So if (
2
q
) = 1 we have α ≡ βmod2
and thus 2 is unramified in K˜/K, and if (2
q
) = −1 we have α+β ≡∑q−1a=1 ζaq =
−1mod2 and thus 2 is ramified in K˜/K.
Now we assume (2
q
) = 1. Then
√
q∗modπ52 is a square if and only if
π2 | β + γ. We consider 2(β + γ). Since α ≡ βmod2, we have
2(β + γ) = 2β + β2 − α ≡ α(α+ 1)mod4.
From
√
q∗ = 1 + 2α, we see α(α + 1) = q
∗−1
4
. Since 8 | q∗ − 1 under the
assumption (2
q
) = 1, we have β + γ ≡ q∗−1
8
mod2. So π2 | β + γ if and only if
π2 | q∗−18 , namely 2 | q
∗−1
8
. We complete the proof.
By the way, we have determined the ring O eK of the integers of K˜. In
fact, we have
Corollary 4.2. Assume that q is an odd prime number. Let tq = (q − 1)/4
if q ≡ 1mod4, and tq = (q − 3)/4 if q ≡ 3mod4. Then
O eK =

Z
[
ζ4q,
4
√
q∗+1+π2β
π2(sin[
1
q
])tq
]
if (2
q
) = −1
Z
[
ζ4q,
4
√
q∗+1+π2β
2(sin[ 1
q
])tq
]
if (2
q
) = 1.
Proof. See [Th.2, 7].
Now we assume that 2 is unramified in K˜/K. Let Fr2 ∈ G such that
Fr2(ζ4) = 1 and Fr2(ζq) = ζ
2
q . It is a Frobenious element of 2 in G modulo
I2. We have Fr2 = σ
b2
2 with 2 | b2 for (2q ) = 1. Thus F˜r2 = σ˜b22 or F˜r2 = σ˜b22 ε.
We need to determine F˜r2 completely. Since (
2
q
) = 1, we have
√
q∗ ≡ (1 + π2α)2 + π42(β + γ)modπ52.
Write u = 1+π2α for simplicity. Since
√
q∗ ≡ u2modπ42, we see
4
√
q∗−u
2
∈ O eK .
Let ℘ be the prime ideal of K˜ over 2 associated to F˜r2. By the definition, we
have
F˜r2
(
4
√
q∗ − u
2
)
≡
(
4
√
q∗ − u
2
)2
≡ (β + γ) +
4
√
q∗ − u
2
mod℘.
On the other hand, since σ˜b2q (
4
√
q∗) = (−1) b22 4√q∗ and σ˜b2q (u) = u for 2 | b2,
we have
σ˜b2q (
4
√
q∗ − u
2
) =
(−1) b22 4√q∗ − u
2
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and
σ˜b2q ε(
4
√
q∗ − u
2
) =
(−1) b22 +1 4√q∗ − u
2
.
So if 2 | b2
2
we have F˜r2 = σ˜
b2
2 if and only if π2 | β + γ (namely 2 splits in
K˜/K), and if 2 ∤ b2
2
we have F˜r2 = σ˜
b2
2 if and only if π2 ∤ β + γ (namely 2 is
inertia in K˜/K). In the case q ≡ 3mod4, we can always assume that 2 ∤ b2
2
,
since if 4 | b2, we may replace b2 by b2 + (q − 1). In the case q ≡ 1mod4, we
have 2 | b2
2
⇐⇒ 2 q−14 ≡ 1modq ⇐⇒ q has the form A2 + 64B2 for A,B ∈ Z,
by the Exercise 28 in Chap.5 in [5]. So we get the following result
Proposition 4.3. Assume that 2 is unramified in K˜/K. Let Fr2 = σ
b2
2 . We
have 2 | b2. If q ≡ 3mod4, we always assume b2 ≡ 2mod4. Let P0 be the set
of the prime numbers of the form A2 + 64B2 with A,B ∈ Z. Then we have
F˜r2 =
{
σ˜b22 if q 6∈ P0, 16 ∤ q∗ − 1, or q ∈ P0, 16 | q∗ − 1
σ˜b22 ε if q ∈ P0, 16 ∤ q∗ − 1, or q 6∈ P0, 16 | q∗ − 1.
The following lemma is useful in next section.
Lemma 4.4. We have ε ∈ I˜ℓ if and only if ℓ is ramified in K˜/K.
Proof. The canonical projection G˜ −→ G ≃ G˜/〈ε〉 induces a surjective homo-
morphism I˜ℓ −→ Iℓ which implies the isomorphism I˜ℓ/ < ε > ∩I˜ℓ ∼= Iℓ. Thus
ℓ is ramified in K˜/K ⇐⇒ |I˜ℓ| = 2|Iℓ| ⇐⇒ |I˜ℓ∩ < ε > | = 2⇐⇒ ε ∈ I˜ℓ.
5 The Artin L-functions
In this section we compute the Artin L-functions of the quasi-cyclotomic
fields K˜ = Q(ζ4q, 4
√
q∗).
The L-functions associated to the 1-dimensional representations of G˜ are
the well-known Dirichlet L-functions. So we mainly compute the L-functions
associated to the 2-dimensional irreducible representation of G˜. Let ϕ : G˜→
GL(V ) be a 2-dimensional irreducible representations. The Artin L-function
L(ϕ, s) associated to ϕ is defined as the product of the local factors
L(ϕ, s) =
∏
ℓ:prime
Lℓ(ϕ, s),
where the local factors are defined as Lℓ(ϕ, s) = det(1 − ϕ(F˜rℓ)ℓ−s|V eIℓ)−1.
Now we begin to compute them. First we notice that if ℓ is ramified in
K˜/K, then V
eIℓ = 0 and Lℓ(ϕ, s) = 1, which is due to the facts that ε ∈ I˜ℓ by
Lem.4.4 and ϕ(ε) = −I for any irreducible representation ϕ of G˜ by Th.3.1.
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5.1 The case q = 2. By section 3, there is only one 2-dimensional represen-
tation ρ˜0 in this case, which is defined as
ρ˜0(σ˜−1) =
(
1 0
0 −1
)
, and ρ˜0(σ˜2) =
(
0 −1
1 0
)
.
Since 2 is ramified in K˜/K, we have L2(ρ˜0, s) = 1. Assume that ℓ is an odd
prime number.
If ℓ ≡ 7mod8, then Frℓ = σ−1 and thus F˜rℓ = σ˜−1 or σ˜−1ε. In any case
we have
Lℓ(ρ˜0, s) = det
(
I ±
(
1 0
0 −1
)
ℓ−s
)−1
= (1− ℓ−2s)−1.
If ℓ ≡ 5mod8, then Frℓ = σ2 and thus F˜rℓ = σ˜2 or σ˜2ε. We have
Lℓ(ρ˜0, s) = det
(
I ±
(
0 −1
1 0
)
ℓ−s
)−1
= (1 + ℓ−2s)−1.
If ℓ ≡ 3mod8, then Frℓ = σ−1σ2 and thus F˜rℓ = σ˜−1σ˜2 or σ˜−1σ˜2ε. We
have
Lℓ(ρ˜0, s) = det
(
I ±
(
1 0
0 −1
)(
0 −1
1 0
)
ℓ−s
)−1
= (1− ℓ−2s)−1.
If ℓ ≡ 1mod8, then Frℓ = 1 and thus F˜rℓ = 1 or ε. In this case, we
must determine F˜rℓ completely. Since F˜rℓ(
4
√
2) ≡ ( 4√2)ℓmod℘ for the prime
ideal ℘ of K˜ over ℓ associated to F˜rℓ, we have F˜rℓ = 1 if 2
ℓ−1
4 ≡ 1modℓ, and
F˜rℓ = ε if 2
ℓ−1
4 ≡ −1modℓ. As in last section, we have that for ℓ ≡ 1mod8,
2
ℓ−1
4 ≡ 1modℓ if and only if ℓ ∈ P0. So we have
Lℓ(ρ˜0, s) =
{
(1− ℓ−s)−2 if ℓ ∈ P0
(1 + ℓ−s)−2 otherwise.
We get the Artin L-function in the case (p, q) = (−1, 2) as follows.
L(ρ˜0, s) =
∏
ℓ≡3 or 7(8)
(1− ℓ−2s)−1 ·
∏
ℓ≡5(8)
(1 + ℓ−2s)−1
×
∏
ℓ∈P0
(1− ℓ−s)−2 ·
∏
ℓ≡1(8), ℓ 6∈P0
(1 + ℓ−s)−2.
(5.1)
5.2 The case q is odd. All 2-dimensional irreducible representations of G˜
are ρ˜j with 0 ≤ j < q − 1, 2 | j if q ≡ 1mod4, and 0 ≤ j < q − 1, 2 ∤ j if
q ≡ 3mod4, where ρ˜j is defined by
ρ˜j(σ˜−1) =
(
1 0
0 −1
)
, ρ˜j(σ˜q) =
(
0 ζjq−1
1 0
)
and ρ˜j(ε) = −I.
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We first determine the local factors Lℓ(ρ˜j , s) for ℓ 6= 2, q. For such ℓ, we
have V
eIℓ = V . Let Frℓ = σ
aℓ
−1σ
bℓ
q , which is equivalent to ℓ ≡ (−1)aℓmod4 and
ℓ ≡ gbℓmodq, where g is the primitive root modq associated to σq. It is easy
to compute that
ρ˜j(σ˜
bℓ
q ) =
(
0 ζjq−1
1 0
)bℓ
=

ζjbℓ2(q−1)I if 2 | bℓ(
0 ζ
j(bℓ+1)
2(q−1)
ζ
j(bℓ−1)
2(q−1) 0
)
if 2 ∤ bℓ.
Furthermore, we have
det(I − ρ˜j(σ˜aℓ−1σ˜bℓq )ℓ−s) =

(1− ζjbℓ2(q−1)ℓ−s)2 if aℓ = 0, 2 | bℓ
1− ζjbℓq−1ℓ−2s if aℓ = 0, 2 ∤ bℓ
or aℓ = 1, 2 | bℓ
1 + ζjbℓq−1ℓ
−2s if aℓ = 1, 2 ∤ bℓ
and
det(I + ρ˜j(σ˜
aℓ
−1σ˜
bℓ
q )ℓ
−s) =

(1 + ζjbℓ2(q−1)ℓ
−s)2 if aℓ = 0, 2 | bℓ
1− ζjbℓq−1ℓ−2s if aℓ = 0, 2 ∤ bℓ
or aℓ = 1, 2 | bℓ
1 + ζjbℓq−1ℓ
−2s if aℓ = 1, 2 ∤ bℓ.
So we get
Lℓ(ρ˜j , s) = (1− ζjbℓq−1ℓ−2s)−1
if ℓ ≡ 1mod4 and ℓ ≡ gbℓmodq with 2 ∤ bℓ, or if ℓ ≡ 3mod4 and ℓ ≡ gbℓmodq
with 2 | bℓ, and
Lℓ(ρ˜j , s) = (1 + ζ
jbℓ
q−1ℓ
−2s)−1
if ℓ ≡ 3mod4 and ℓ ≡ gbℓmodq with 2 ∤ bℓ.
To compute the local factors when ℓ ≡ 1mod4 and ℓ ≡ gbℓmodq with
2 | bℓ, we must determine F˜rℓ completely. Since ( ℓq ) = 1, we have ( qℓ ) = 1 and
( q
∗
ℓ
) = 1. Let αℓ ∈ Z such that α2ℓ ≡ q∗modℓ. From σ˜bℓq ( 4
√
q∗) = (−1) bℓ2 4√q∗,
we see F˜rℓ = σ˜
bℓ
q if (
αℓ
ℓ
) = (−1) bℓ2 , and F˜rℓ = σ˜bℓq ε if (αℓℓ ) = (−1)
bℓ
2
+1. So
when ℓ ≡ 1mod4 and ℓ ≡ gbℓmodq with 2 | bℓ, we have
Lℓ(ρ˜j, s) =
{
(1− ζjbℓ2(q−1)ℓ−s)−2 if (αℓℓ ) = (−1)
bℓ
2
(1 + ζjbℓ2(q−1)ℓ
−s)−2 if (αℓ
ℓ
) = (−1) bℓ2 +1.
Next we compute the local factors L2(ρ˜j , s) and Lq(ρ˜j, s). When (
2
q
) =
−1, we know from last section that 2 is ramified in K˜/K. So L2(ρ˜j, s) = 1
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in this case. Now we assume (2
q
) = 1. Since I2 =< σ−1 > and 2 is unramifed
in K˜/K, we have I˜2 =< σ˜−1 > or I˜2 =< σ˜−1ε >. The matrixes I + ρ˜j(σ˜−1)
and I + ρ˜j(σ˜−1ε) have rank 1. So V
eI2 has dimension 1. Write Fr2 = σ
b2
2
with 2 | b2. As in last section, we always assume b2 ≡ 2mod4 if q ≡ 3mod4.
Recall that P0 be the set of the prime numbers of the form A
2 + 64B2 with
A,B ∈ Z. Since ρ˜j(σ˜b22 ) = ζjb22(q−1)I, by Prop.4.3 we have
L2(ρ˜j , s) =
{
1− ζjb22(q−1)2−s if q 6∈ P0, 16 ∤ q∗ − 1, or q ∈ P0, 16 | q∗ − 1
1 + ζjb22(q−1)2
−s if q ∈ P0, 16 ∤ q∗ − 1, or q 6∈ P0, 16 | q∗ − 1.
When q ≡ 3mod4, we know that q is ramified in K˜/K. So Lq(ρ˜j, s) = 1
for odd j in this case. Assume q ≡ 1mod4. Since Iq =< σq > and q is
unramifed in K˜/K, we have I˜q =< σ˜q > or I˜2 =< σ˜qε >. Thus V
eIq = 0 if
j 6= 0, and V eIq has dimension 1 if j = 0.
The Frobenious map Frq of q in G modulo Iq is the identity map. So
F˜rq = 1 or ε. In [Sect.5, 7] we have showed that q splits in K˜/K if q ≡ 1mod8
and is inertia if q ≡ 5mod8. So F˜r2 = 1 if q ≡ 1mod8 and F˜r2 = ε if
q ≡ 5mod8. Thus we get
Lq(ρ˜j , s) =

1 if j 6= 0
1− q−s if j = 0, q ≡ 1mod8
1 + q−s if j = 0, q ≡ 5mod8.
We have computed all the local factors. So we have
L(ρ˜j , s) =(1− uqζjb22(q−1)2−s)−1(1− (−1)
q−1
4 q−s)−nj
×
∏
ℓ≡1, 2∤bℓ or ℓ≡3, 2|bℓ
(1− ζjbℓq−1ℓ−2s)−1
×
∏
ℓ≡3, 2∤bℓ
(1 + ζjbℓq−1ℓ
−2s)−1
∏
ℓ≡1, 2|bℓ
(1− uℓζjbℓ2(q−1)ℓ−s)−2,
(5.2)
where uq = 1 if q 6∈ P0, 16 ∤ q∗ − 1, or q ∈ P0, 16 | q∗ − 1 and uq = −1
otherwise; nj = 0 if j 6= 0 and n0 = 1; and uℓ = (αℓℓ )(−1)
bℓ
2 . Here in the
products, ” ≡ ” means the congruence modulo 4.
Theorem 5.1. Except for the Dirichlet L-functions, all Artin L-functions of
the Galois extension K˜/Q are explicitly given by (5.1) in the case q = 2 and
by (5.2) in the case q is odd, where in (5.2) 0 ≤ j < q−1, 2 | j if q ≡ 1mod4
and 0 ≤ j < q − 1, 2 ∤ j if q ≡ 3mod4.
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5.3 A formula. Let ζ eK(s) and ζK(s) be the Dedekind zeta functions of K˜
and K respectively. By Artin’s formula of the decomposition of Dedekind
zeta functions, we have
ζ eK(s)
ζK(s)
=
∏
eρj
∏
ℓ: prime
Lℓ(ρ˜j , s)
2,
where ρ˜j runs over all 2-dimensional irreducible representations of G˜. When
q = 2, there is only one 2-dimensional irreducible representation of G˜. So the
square of (5.1) gives the formula. When q is odd, by computing
∏
eρj
Lℓ(ρ˜j , s),
we get the following
Corollary 5.2. For a prime number ℓ 6= q, let fℓ = q−1gcd(bℓ,q−1) be the order
of ℓmodq and let gℓ = gcd(bℓ, q − 1) = q−1fℓ . If q ≡ 1mod4, we have
ζ eK(s)
ζK(s)
=(1− uf2q 2−f2s)−g2(1− (−1)
q−1
4 q−s)−2
∏
ℓ≡1, 2∤bℓ or ℓ≡3
(1− ℓ−fℓs)−2gℓ
×
∏
ℓ≡1, 2|bℓ
(1− ufℓℓ ℓ−fℓs)−2gℓ,
and if q ≡ 3mod4, we have
ζ eK(s)
ζK(s)
=(1 + uf2q 2
−f2s)−g2
∏
ℓ≡1, 2∤bℓ
(1 + ℓ−fℓs)−2gℓ
∏
ℓ≡3
(1− ℓ−2fℓs)−gℓ
×
∏
ℓ≡1, 2|bℓ
(1 + ufℓℓ ℓ
−fℓs)−2gℓ,
where uq and uℓ are as above.
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